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S I N G U L A R T I E S  O F  D Y N A M I C  P R O C E S S E S  P R O C E E D I N G  

IN D E F O R M A B L E  S O L I D S  W I T H  T H E  F I N I T E  R A T E  O F  

H E A T  P R O P A G A T I O N  T A K E N  I N T O  A C C O U N T  

R .  H .  S h v e t s  a n d  A.  A .  L o p a t ' e v  UDC 536.24.01 

The s ingular i t ies  of dynamic p r o c e s s e s  occur r ing  in deformable  solids at high f requencies  are  
studied on the basis of in t e r re l a t ed  equations of the general ized theory of thermoelas t ic i ty .  

The investigation of the rmoe las t i c  phenomena in solids has recen t ly  often been conducted on the basis of 
a general ized dynamical  theory of the rmoelas t i c i ty  [1-3] with the finite ra te  of heat  propagation in the solid 
taken into account.  In this case the energy  equation is an equation of hyperbol ic  type whose uti l ization for  
small  t imes  in the domain of large  gradients  would afford the opportunity for  a more  accura te  descr ip t ion of 
the t empera tu re  f ields [4] and the t empera tu re  s t r e s s e s  [2]. Exper imenta l  resu l t s  on the dissipation of a heat  
pulse in liquid hel ium at ve ry  low t empera tu re s  are  explained by using the hyperbol ic  equation of heat  conduc- 
tion. 

In this connection, it  is expedient  to study the s ingular i t ies  of the the rmoe las t i e  p r o c e s s e s  proceeding in 
deformable  solids by using the general ized dynamical  theory of thermoelas t ic i ty .  

Le t  us consider  an infinite i so t ropic  space possess ing  a t he rma l  res i s tance .  The the rmoelas t i c  motion 
of the solid can be descr ibed  by the sys t em of equations [3] 

02u 
~Au § 0~ + ~) grad div u - -  (3L q- 2~t) ~ grad ( T - -  To) = p - -  , 0x~ 

• OT o 2 r  [ Oel, O2e~i ~ (1) 
0-7- +Xo ~-~ +v,/-~(+x0 - ~ / ,  

(rij --- ;~eiiSis -[- 2~eis  - -  (3L + 2Ix) a (T-- To) ~t.~, 

where  5ij is the Kronecker  deIta,  A is the Laplace opera tor  71 = (3~ + 2/a)aT0/pc E. 

To simplify the computat ions,  we go over  to the dimensionless  var iab les  

co* )~q-2~ (a* u , 0- -  T--T0 
z~= x z, x~=co*x, ut= 3Z,+2~ ct aTo T ~  ' Ci 

(2) 
o-ls 3L q- 2Ix c~ 

]g~s = (3~, q- 2ix) aTo ' ~' = v'a ~. -q- 21 x ' 15 ---- ~ ' 

in which sys tem (1) becomes  

0211t 
Auiq- )~ + ~ grad div u,--  grad 0= 0x~ (3) 

-Jc- 21 x ~, + 21 x 
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O0 0~0 { Oe~ OZeiL ~ 
h 0 - -  0"h ~- [~ ~ + ? ~ 0"q -k[~ 0"~ ] '  "(4) 

Zij = ~ etiS~i + 2~t - -  - -  e ~ - -  05~, (5) 
s  2~ L +  2~ 

w h e r e  el = 4(~ + 2tt)/r is the ve loc i ty  of the longi tudinal  e l a s t i c  wave ;  Cq = ~ 0 ,  r a t e  of  p ropaga t i on  of the 
t h e r m a l  wave ;  w* = 5/~0, c h a r a c t e r i s t i c  f r e q u e n c y  of  the m a t e r i a l ;  and the coef f ic ien t  "g c h a r a c t e r i z e s  the d i s -  
s ipa t ion  of m e c h a n i c a l  ene rgy .  

The  h e a t  f lux r e l axa t ion  t ime  T 0 depends on the hea t  t r a n s m i s s i o n  m e c h a n i s m  and is suff ic ient ly  c o m p l i -  
ca ted  to d e t e r m i n e  To exac t ly  f o r  spec i f i c  m a t e r i a l s ,  h e n c e ,  ma in ly  the o r d e r  of  magni tude  is indica ted  in [3, 
5]. It is known that  the t h e r m a l  e n e r g y  in sol ids  is t r a n s m i t t e d  by e l e c t r o n s  and phonons.  The  m a i n  con t r i bu -  
t ion to hea t  conduct iv i ty  in d i e l e c t r i c s  is f r o m  phonons ,  and the hea t  f lux r e l axa t ion  t ime in this  ca se  can be 
ca lcu la ted  f r o m  the f o r m u l a  rp = 3n/c~ [6]. The  m a i n  cont r ibut ion  to hea t  t r a n s p o r t  in m e t a l s  with the i r  high 
h e a t  conduct iv i ty  is f r o m  the f r ee  e l e c t r o n s  whose  ve loc i ty  is on the o r d e r  of 10 ~ m / s e c .  H o w e v e r ,  the high 
e l e c t r o n  ve loc i ty  s t i l l  does  not a s s u r e  a high ve loc i ty  of hea t  p ropaga t ion .  The squa re  of the hea t  wave  p r o p -  
aga t ion  ve loc i ty  is d i r e c t l y  p r o p o r t i o n a l  to the t h e r m a l  dif fusivi ty  >t and i n v e r s e l y  p r o p o r t i o n a l  to the hea t  
f lux r e l axa t ion  t ime To, i . e . ,  a high ra te  of hea t  wave  p ropaga t ion  is poss ib l e  in the case  of  high t h e r m a l  d i f -  
fus ivi ty  o r  sma l l  r e l axa t ion  t ime.  The  e s t i m a t e  r e fo r  me ta l s  is given in [8], and the o r d e r  of magni tude  of 
r e is 10 - t  sec .  It  is  pos s ib l e  to compute  r e = t~*m*/e [7] a p p r o x i m a t e l y  by m e a n s  of the f o r m u l a  T e [7]. F o r  
sod ium r e = 3 . 1 0  -14 sec .  

Since the r e l axa t ion  t ime  o r d i n a r i l y  v a r i e s  even because  of i m p e r f e c t i o n s  in the conf igura t ion  of  the sub-  
s t a n c e s ,  then ~0 o r  i ts  a s s o c i a t e d  d i m e n s i o n l e s s  quant i ty  ~ wil l  l a t e r  be c o n s i d e r e d  a p a r a m e t e r  in the i nves t i -  
gat ion.  

Le t  us examine  the p ropaga t ion  of a plane h a r m o n i c  wave of the f o r m  

{ui, 0} = {u 0 , 0o} exp (i(o~ + pz~). (6) 

The  phase  ve loc i t y  and da m p i ng  coef f ic ien t  a r e  d e t e r m i n e d  by means  of the f o r m u l a  

tO 
v~-- - - ,  q~ = Re p~ (i -= l, 2), 

Im p~ 

w h e r e  w = wl/w*; and Pl and P2 a r e  roo t s  of the equat ion  

p4+ p~ {~2 (1 + 13 + v[~) - -  i~ (1 + v)} - -  i ,~3+ [~co 4 =  o, 

obta ined a f te r  subs t i tu t ing  (6) into (3) and (4), and a r e  d e t e r m i n e d  by the e x p r e s s i o n s  

p2 1 1.2 = -~  {--(,~(1 + [ 3 + ? [ 3 ) +  ir -+-?) -+- Dp}, 
1 

Dp = {o) a (1 -k [~ + ?~)z __ a~ (I -F y)z __ 2 i ~  (1 + [~ + y[~) (1 + y) - -  4 (--  i~s-k [~o~4)} 2 . 

(7) 

(s) 

(9) 

The r o o t  P2 d e s c r i b e s  a qua s i e l a s t i c  wave  and Pt a q u a s i t h e r m a l  wave .  
tot ic  e x p r e s s i o n s  can be wr i t t en  fo r  the roo t s  Pi. 

F o r  w (< 1, we have  
1 

[; ]{( [ p i = z t :  (1-/-?)a~ 2 1 - -  o) ? 
2 (1 + ?)z 

Pz ~- -+" 2 V-(i + y)~ 

F o r  high and low f r e q u e n c i e s  co a s y m p -  

and fo r  w >> 1 

" N l j 2 Ml,2 
V 2 

]) - -  -1-1~ -}-i 1-q--~-  (1-kY) 2 

~  
V F 4 5  ' 

(-?) Pi=•  , -5 i~  , P2=------N2 + i ~  , 

1 z- ?4 -  2 - - ( 1  + [~ + ~ )  (1 + ? )  
' 1/-(1 + ~ + v~)~ - -  46 

1 + [~ -k V[~ -W- V (1 ~- 1~ 4-, ?[~)z - -  4[~ 

(lO) 

0-1) 
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Fig. 1. Dependence of the d imens ion less  phase  veloci ty  v2/cl and 
damping coeff icient  qJ (q~f l  = 0 on the f requency  ~0. 

Fig. 2. Dependence of the d imens ion less  phase  veloci ty  v2/c 1 on the 
d imens ion less  p a r a m e t e r  ~. 

The dependence of the d imens ion less  phase  ve loc i ty  (solid l ines) and damping coeff icient  ( d a s h - d o t  l ines) 
of a quas ie las t i c  wave on the d imens ion les s  f requency  w is shown in Fig. 1 for  d i f ferent  va lues  of the p a r a m e t e r  
fl with a juncture  coefficient  y = 0.0356. The damping coeff icient  q2 is r e f e r r e d  to the value of the coeff icient  as 
c~ ~ ~o fo r  ~ = 0. The dependence of the d imens ion less  phase  veloci ty  of a quas te las t i c  wave on the p a r a m e t e r  
fl is p re sen ted  in Fig. 2 for  d i f ferent  f requenc ies .  C h a r a c t e r i s t i c s  of the quas i the rma l  wave,  the d imens ion less  
phase  veloci ty  (solid l ines) and the damping coeff icient  (dashed lines) a re  i l lus t ra ted  in Fig. 3, where  the num-  
e r i c a l  value of the damping coefficient  ql is  r e f e r r e d  to the value of the damping coeff icient  as  w ~ ~o for  fl = 
0.465. 

I t  is seen  f r o m  the f igures  and the asympto t i c  exp re s s ions  (10) and (11) that  for  the f requenc ies  c~ 1 << c~*, 
which a r e  o rd ina r i ly  r ea l i zed  dur ing mechan ica l  v ibra t ions ,  the phase  ve loc i ty  and damping  coeff icient  of a q u a s i -  
e las t ic  wave a r e  p r ac t i c a l l y  independent of the p a r a m e t e r  ~, which means  on the  hea t - f l ax  re laxa t ion  t ime  ~'0 as  well;  
i . e . ,  i t  is sufficient  to use  a pa rabo l i c  hea t  conduction equation for  such a f requency  domain.  At high f r e -  
quencies  ~l  >> c~*~ the p a r a m e t e r  fl e x e r t s  cons iderable  influence on the c h a r a c t e r i s t i c s  of both the quas ie las t i c  
and the quas i t he rma l  waves .  

For/~ < fl* = ( 1 -  3~)/(1 + T)2the magnitude of t hephase  veloci ty  of a quas ie las t i c  wave is a lways l e s s  than 
the adiabat ic ,  while g r e a t e r  for  fl > ~*. Only for  low f requenc ies  (c~ -~ 0) does it  approach  the value of the 
adiabat ic  ve loci ty  asympto t ica l ly  in both cases .  Upon pass ing  through the point fl = fl*, an abrupt  change in 
the phase  veloci ty  is obse rved ;  however ,  this  change r e m a i n s  finite and depends on the value of the p a r a m e t e r  
Y. In the case  of the uninterconnected  p r o b l e m ,  the c h a r a c t e r i s t i c  value fl* equals  one. Thus ,  if 

1 - -  7 1 ( 1 2 )  

~ < ~ =  ( 1 §  2 ~*  ' 

then a diminution in the phase  veloci ty  with f requency is obse rved ,  but an i nc r ea se  for  w > w~, and T~ can be 
cons idered  the c h a r a c t e r i s t i c  t ime  fo r  this m a t e r i a l ,  which is r e l a t ed  to the c h a r a c t e r i s t i c  f requency  and the 
p a r a m e t e r  y by re la t ionship  (12). Le t  us  note that  the f requenc ies  of fo rced  v ibra t ions  which can be achieved 
in a solid exceed  the c h a r a c t e r i s t i c  f requency  by m o r e  than two o r d e r s  of magnitude [9]. Values  of the quant i -  
t ies  w*, 7, v~ a r e  p re sen ted  for  ce r t a in  m e t a l s  in the table.  

If we se t  7~ = 0, then at high f requenc ies  the phase  veloci ty  of the quas ie las t ic  wave tends to the i s o t h e r -  
ma l  veloci ty  for  any values  of ~. 

To c la r i fy  the influence of the hea t - f lux  re laxa t ion  t ime on sur face  wave propagat ion ,  le t  us examine  
Rayle igh  wave propagat ion  in a ha l f space  whose boundary  is  s t r e s s  f r ee .  Let  heat  exchange occur  accord ing  
to the Newton law between the ha l f spaee  and the sur rounding  medium [2] 

0~T • L  a___~ (T--T0) for x~=0 ,  (13) 
Ox2 I( 
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T A B L E  1. V a l u e s  of the  C h a r a c t e r i s t i c  Q u a n t i t i e s  f o r  C e r t a i n  

M e t a l s  
Parameters Aluminum Copper Steel Lead 

m*, 1/see 
? 

~ C  q7 0 , 

4,60.10 ll 
0,0356 
0,193.10-n 

1,73" 10 xl 
0,0168 
0,5'/:9.10 -lz 

1,75.10 le 
0,0114 
0,552.10 -vz 

1,91.10 u 
0,0733 
0,452.10-n 

I B 

~o! o/ s,o Io, o w 

F i g .  3. D e p e n d e n c e  of the  
d i m e n s i o n l e s s  p h a s e  v e l o c i t y  
v l / c l  a n d  the  d a m p i n g  c o e f f i -  
c i e n t  q l / ( q 0 ~  = 0.4ss on  the  f r e -  
q u e n c y  ~o. 

w h e r e  ~n  i s  the  h e a t - t r a n s f e r  c o e f f i c i e n t  a n d  L = 1 + T o d / d r  i s  a n  o p e r a t o r .  
p r o p a g a t i o n ,  t h e n  L = 1 + iWlT0. In  t h i s  c a s e  the  f r e q u e n c y  e q u a t i o n  h a s  the  f o r m  

L 2 - -  -~-s2 } (0 c~ . . . .  (0 c~ 

S ince  we  c o n s i d e r  h a r m o n i c  w a v e  

U 2 v)]} ~,~L 3/2 (1 + i) 
Kp~ 

( V2 ' U2 v z / e v 1 + ' ~  + 4 v 1 - -  l + y - -  , (14) 
• 2 - -  -~2U] ~ 2(0 V ~  c, 

w h e r e  c 2 i s  the  v e l o c i t y  of s h e a r  w a v e  p r o p a g a t i o n  a n d  PR i s  the  w a v e  n u m b e r .  In  the  c a s e  of low f r e q u e n c i e s  

r 1 <<w* 

, 

, c~ 1 \  

i . e . ,  w e  obtain the known r e l a t i o n s h i p  f r o m  the t h e o r y  of t h e r m o e l a s t i c  R a y l e i g h  w a v e s .  

T o  d e t e r m i n e  the in f luence  of the p a r a m e t e r / 3  on the v i b r a t i o n s  of a rod in the r e s o n a n c e  f r e q u e n c y  d o -  
m a i n ,  le t  us examine the longitudinal vibrat ions of a rod of length l subjected to a per iodic  fo rce  

g (Z, 1:i) = go (z) cos r i (16) 

u n d e r  h o m o g e n e o u s  b o u n d a r y  c o n d i t i o n s  on  the  d i s p l a c e m e n t s  

. q : = o  = o, = o, 

and  the  t e m p e r a t u r e  

Ou, I - O, 
aTi ITs=0- 

a-~ze ~ = ~  ~=l = o, o]~,= o =o, ~ ~ 1 7 6  ,,=0 ---- O. 

(17) 

(18) 

If we  introduce the  f u n c t i o n  ~} 

a~I) a(I) ~ ~ ~162 ~ (19) 
u~ - -  Oz 2 0 ~  ~ , 0 = ~ OzO~-----~ + ~'~ " OzOT~ ' 

1233 



! 

<90 

~t r 

!i 
, ,  

i ! '  

~dmax b 

/ / \  

/ Z .-.~-x - -  

q~2 qar /,a ~a, ~o o : e s co, p 

Fig. 4. Quantitative charac ter i s t ics  of thermo-  
elast ic  rod vibrations.  

then the thermoelas t ic  vibrations of the rod under consideration can be described by the equation 

0 ' - - ~ , 1  + ? )  0 3 - - - - ( 1  + ~ + ?[~) + ~  =g(z ,  "q) (20) 
0z20~ 21 0~---~- I Oz ~ Oz~O~ 

under appropriate boundary conditions for the function ~. Represent ing @(z, zi) in the form of the ser ies  

2 ~= @ n:zz (21) 
r (Z, Tt) = T =1 n ('ft) SiI1 ---~--- , 

we obtain an ordinary differential  equation for ~n(T 0 

where 

#0,,(~1) kZ(l +~+? l~)  + dSap"('q) d4@"(T') 
don ('q) k2 (1 + 'F) + d.~2 d'r ~- ~ dx~ - = gn coseol'i, (22) 

C h  l 
go (z) = ~----'~ g~ sin mxz . l ~--1 - - ' ~ '  g~ = . !  go(z) sin nn___~Zl dz. (23) 

Applying the Laplace t rans form to (22), we find 

qJ,~ = gT, s/{(sZ+ o 2) [~s4+ ss+ (1 + ~ + ?~) k2s2+ k2(1 + ?) s+k4]}. (24) 

To per form the inverse Laplace t rans form,  we must  investigate the roots of the equation 

~s%-- s3+ (I + ~ + ?~) kZsZ+ kZ(1 + ~) s + k4= O. (25) 

It is easy to show that all  the roots of (25) have a negative real  part .  Upon compliance with the condition 
4~k 2 > 1, (25) has two pairs  of complex-conjugate roots ,  while a pair  of real  roots appears for 4ilk 2 < 1, 

Using the theorem on decompositions [10], to calculate the original ,  for 4ilk 2 > 1 we find 

. .  (x,)= ]/-~g~ sin (r +~v)+g ,~ [  ~ ] / ~  exp(-- c~:O • 

• sin (~txt -- ~t) + - ~  V ~  exp(--~x*)sin(~zTi--~) , (26) 

where 
A h = [J]r l -  (1 + ~ + ~ )  kk0Z+ k']2+ r 2 [o 2 -  k 2 (1 + ?)]2; 

hi M2 " X~ = arcig ' ~ [k  2 ( I  + V) - -  r 

N .  ~,~ = arctg -~ - ,  K~ = ~ (AC + BD) + ~ (BC~AD);  
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N =  - -  cz~ (BC - -  AD) -t- P~ (AC ~- BD); A -- a~ - -  [3~ -}- os; 

2 2 .  B = 2~i~i ;  C = ( ~ - -  a d ~ +  p~ - -  p,, D = 26, (~-- c~,); 

M = (AS+ B s) ( ~ +  D~). 

The  e x p r e s s i o n s  fo r  A 2 and k 2 a r e  w r i t t e n a n a l o g o u s l y  to (27). 

F o r  4ilk 2 < i 

1 ]/'h-~3 exp (--  " 

(27) 

4-. a exp (--  a~i) _1_ 
(o2+ a 2) [41]a 3 -  3a2-t - 2 (1 -~- p -~ ~,~I) kZa - -  k 2 (1 + ,/)1 

-k b exp (--  b~,) 
(0)~ -t- b 2) [4~b a -  3b~  - 2 (1 ~- ~ -~ ~ )  kSb - -  k z (1 + ~/)1 

+ 
A ~ = -  M~ , ~3=arc tg  - - ,  

K3 (28)  

K3 = ai (ACa4- BDa) -t- [3t (BCa-- AD3), Ns = - -  ai (BCa-- ADs) ~- 

+ P~ (ACs+ BDs), M3 = (A2+ B s) • 

C ~ • ( ~ + D~), C 3 = (a - -  oh) (b - -  cq) - -  ~ ,  n 3 = ~i (a -~ b - -  2a,), 
4_ 

w h e r e  - o h ,  2 �9 i~ ,  2 o r  - a t ,  - b l ,  - a  t • i~ a r e  the roo t s  of (25), f o r  which ana ly t ic  e x p r e s s i o n s  can be wr i t t e n  by 
us ing  a s e r i e s  expans ion  in a sma l l  p a r a m e t e r .  

Subst i tut ing (26) o r  (28) into (21), we obtain the funct ion O(z, T1), and the va lues  of the d i s p l a c e m e n t  and 
t e m p e r a t u r e  f r o m  (19). Le t  us note that  the m e m b e r s  in the squa re  b r a c k e t s  in (26) and (28) a r e  the na tu ra l  
t h e r m o e l a s t i c  v ib ra t ions  of the rod ,  which damp out with t ime.  The f i r s t  m e m b e r s  in (26) and (28) d e s c r i b e  
the f o r c e d  v ib ra t ions  of the rod.  I t  fo l lows f r o m  (27) that  fo r  T = 0, co = k r e s o n a n c e  se t s  in. F o r  7 ~ 0, the 
ampl i tude  of the rod  v ib r a t i ons  is bounded at f o r c e d  v ib ra t ions  f r e q u e n c i e s  c lose  to the v ib ra t i ons  f r e q u e n c i e s  
because  of t h e r m o e l a s t i c  e n e r g y  d i ss ipa t ion .  Quant i ta t ive  c h a r a c t e r i s t i c s  of the t h e r m o e l a s t i c  rod  v ib ra t ions  
a r e  r e p r e s e n t e d  in Fig.  4. Va lues  of the d i m e n s i o n l e s s  f o r c e d - v i b r a t i o n s  ampl i tude  1/~r~-ff a r e  p lo t ted  a long the 
o rd ina te  of Fig.  4a fo r  dif ferent /~ fo r  k = 1 and T = 0.0356, and the d i m e n s i o n l e s s  f r e q u e n c y  co is p lo t ted  a long 
the a b s c i s s a .  The  dependence  of  the da m p i ng  d e c r e m e n t  d = 2~c~l/~ 1 on the f r equency  (solid l ines)  f o r  d i f fe ren t  
va lues  of 3, as  wel l  as  the dependence  of  the m a x i m u m  va lues  of the d e c r e m e n t  dmax  on g (dashed line) a r e  
p r e s e n t e d  in F ig .  4b. The g r e a t e s t  va lue  of the damping  d e c r e m e n t  is ach ieved  a t  r = ~*. 
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is the d i s p l a c e m e n t  v e c t o r ;  
is the s t r e s s  t e n s o r  component ;  
is the s t r a in  t e n s o r  component ;  
a r e  the L a m e  coef f i c ien t s ;  
~s the l i nea r  coef f ic ien t  of  t e m p e r a t u r e  expans ion;  
is the t e m p e r a t u r e ;  
xs the init ial  t e m p e r a t u r e ;  
is the t h e r m a l  di f fus ivi ty ;  
~s the coef f ic ien t  of hea t  conduct ion;  
~s the spec i f i c  hea t  of unit  m a s s ;  
is the dens i ty ;  
is the t ime ;  
is the h e a t - f l u x  r e l axa t ion  t ime ;  
a r e  the phonon and e l e c t r o n  re l axa t ion  t i m e s ;  
is the e f fec t ive  m a s s  of the e l e c t r o n ;  
is the cha rge  on the e l e c t r o n ;  
is the mobi l i ty ;  
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is the dimensionless coordinate; 
is the dimensionless time; 
is the dimensionless displacement; 
is the dimensionless temperature; 
is the dimensionless s t ress  tensor components; 
is the dimensionless parameter;  
are the wave amplitudes; 
are the wave numbers; 
is the damping coefficient; 
is the coefficient of heat transfer;  
is some function; 
is the rod length; 
are the some combinations of parameters introduced; 
are the roots of the characteristic equation; 
is the phase velocity; 
is the coordinate along the rod axis. 
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